The volume of air that goes in and out of a musical instrument's sound hole is related to the sound hole's contribution to the volume of the sound. Helmholtz's result for the simplest case of steady flow through an elliptical hole is reviewed. Measurements on multiple holes in sound box geometries and scales relevant to real musical instruments demonstrate the importance of a variety of effects. Electric capacitance of single flat plates is a mathematically identical problem, offering an alternate way to understand the most important of those effects. The measurements also confirm and illuminate aspects of Helmholtz's "bottle" resonator model as applied to musical instrument sound boxes and sound holes. * politzer@caltech.edu;
I. INTRODUCTION
One mechanism of sound production in stringed instruments is the in and out flow of air through a sound hole, forced by sound vibrations within the sound box. Helmholtz [1] and Rayleigh [2] studied how the magnitude of that in and out flow depends on sound hole size and shape for a given pressure within the sound box. If we're interested in the sound box of a musical instrument with possibly more than one sound hole, the side walls of the box and the proximity of the several holes to each other both reduce the flow relative to the √ N scaling. This is apparent in the results of the sound hole experiment and will be explained, at least qualitatively. The measurements also offer a way to quantify the effective length of the "neck" in the Helmholtz bottle resonator model of the lowest resonance of the cavity. This length is unambiguous for a real bottle with a cylindrical neck that is long compared to its diameter. In the case at hand, there is a plug of air that goes in and out of the sound hole(s) as the sound box air contracts and expands.
The measurements allow an estimate of the plug mass.
The flow through different shape holes of the same area typically grows with their perime-ter (as long as the shape is convex and the hole is not so thin that friction becomes a significant factor). The sound hole on a resonator banjo is the space between the bottom edge of the rim and the back of the resonator. So its length is the circumference of a roughly 10 diameter circle, and its width is a small fraction of an inch. That's about as much convex circumference as one can practically get for a given hole area on the "pot" (drum body) of a banjo. (The hole area is tuned to support the lowest frequencies. [3] ) One might ask: is this geometry of the resonator the key to its loud sound? In an accompanying paper, I note that the practical banjo alternatives, i.e., open back and flat disk back, have similar geometry sound holes and are similarly loud. [4] )
II. HELMHOLTZ'S SOUND HOLE RESULT
Rayleigh [2] calculated the flow of a fluid through an elliptical hole in an infinite plane baffle that separates two half-spaces at slightly different pressures. He noted that Helmholtz published the result seventeen years earlier. [1] No other shapes can be calculated analytically. Crucial approximations render the calculation doable. In particular, viscosity is ignored, and the flow is assumed to be irrotational. Furthermore, the fluid is assumed to be incompressible.
These are audacious claims. Viscosity, no matter how small, is always important as fluid moves near a solid surface. For almost all materials, the flow rate goes to zero as you approach the solid. Dramatic, everyday examples were given by Feynman [5] , involving dust and wind. Fans get dusty, and you can't blow the dust off your car by driving fast. That is because there is no air motion relative to the solid surface at the surface. In the gentlest of cases, there is a transition region where viscosity is essential in mediating the flow between the solid surface (where it is at rest) and the fluid interior, where viscosity might no longer be an important factor. This is known as the laminar boundary layer. In the sound hole case, Helmholtz and Rayleigh assume that the boundary layer is thin and can be ignored as a first approximation. The validity of the approximation depends on the how thin the boundary layer is relative to the size of the hole.
Air is certainly compressible. Furthermore, we're interested in sound, which is waves of compression and rarefaction. However, Helmholtz and Rayleigh knew to ask a simpler question: what is the steady flow through a hole in a barrier that separates two infinite regions with slightly different pressures. Even with highly compressible fluids, it often turns out in the end that, for gentle flows, the density change is negligible. It is then inordinately convenient in doing calculations to imagine that the fluid simply could not be compressed in the first place. An astounding example of assuming incompressible flow is interstellar and intergalactic gas or dust. What could be more compressible than a gas with one particle per cubic meter (or less)? Nevertheless, in some situations the solution found by implementing incompressibility from the start can be seen to be consistent with that assumption in the end, were the assumption relaxed.
A consequence of these assumptions is that the steady fluid velocity, which has a magnitude and direction at each point in space, can be represented by just a number at every point in space, where the relation between the two is given by simple calculus. (In math terms, the vector velocity field, v(r), is the gradient of a scalar potential V (r), i.e., v(r) = ∇V (r).) It is far simpler to solve first for that number as a function of position (i.e., the scalar field). In fact, all that is needed in addition to the assumptions stated thus far, [6] is how V (r) behaves on the boundary, i.e., across the sound hole and along the barrier.
Similarly, in electrostatics, the vector electric field E(r) is the gradient of a scalar potential.
A precise electrostatic analog problem to sound hole flow is the capacitance of a single plate capacitor, i.e., in the shape of the sound hole. The equations for the scalar potential, including the boundary conditions, are identical. Hence, they have the same solutions. A version of the electrostatics calculation is presented in many advanced texts on electromagnetism [7] (though Rayleigh's is simpler than most). In the fluid flow language, the boundary conditions are that the flow along the baffle must be parallel to the surface (and not into it) and (by symmetry) that the flow is straight through the hole and not at some other angle or angles.
Pioneers in the theory of electromagnetism used analogies with fluid flow in their thinking and presentations. By the 20 th Century, it became the other way around. So I will discuss the problem mostly in terms of electric charge and capacitance. Capacitance is the ratio of the charge on a capacitor to its voltage difference (electric potential). Sound hole conductance is the ratio of the total flow rate through the hole to the pressure difference between the two regions on the two sides of the baffle, far from the hole.
In Gaussian cgs units, capacitance is a length, measured in centimeters. The conversion to more common SI MKS units is that where the potential difference is defined to be relative to infinitely far away, is simply R.
More generally, the capacitance of a single conducting object relative to infinity must be some linear measure of its size times a dimensionless function of its shape. So, a family of geometrically similar objects will have capacitances proportional to that linear measure times the same dimensionless function that comes from their common shape. Coaxial cylinders, e.g. coax cable, have a capacitance per unit length of (2log If there are multiple sound holes on a single instrument, they cannot be infinitely far apart. They will necessarily reduce each other's flow. Also, because of the finite size of the sound box, the proximity of the side walls will similarly also reduce the flow through the holes. In both cases, there's just less stuff per hole. These effects can be quantified in relevant, limiting cases -but it is still true that any sound hole problem besides the isolated, single, ellipse cannot be solved analytically.
The electric language leads directly to a quantitative treatment of simple, idealized situations.
Imagine N identical conducting disks, each carrying a charge Q/N . Initially the disks are so far from each other that we can ignore their interaction. Then the total capacitance is just N times the capacitance of a single such disk. If we now bring them closer together, we do work against their repulsion. So we are putting energy into the system. The total electric energy U of a capacitor with total charge Q is U = For N = 1, a single disk of radius R 1 has a capacitance C 1 = 2R 1 /π. For N = 2, with R 2 such that the total area is the same as the single R 1 disk, when the two are brought to a separation d, with d R 2 , the capacitance is C 2 ≈ (
term reduces the capacitance by an amount that reflects the work done in bringing the two disks from infinity to a separation of d. Assembling the N = 4 configuration as described, C 4 ≈ (
Some level of quantification of the effect of proximity to a side wall is given by the following. In the fluid language, the two sides of the baffle need not be identical. They only have to match across the hole. In the electric case, the field lines reverse direction across the dividing plane, and the two sides are otherwise symmetrical.
In the fluid case, if there is a "side" wall near the hole (a plane that is perpendicular to the original, infinite baffle), flow will be along the wall, and no material will cross it. Hence, the flow with the side wall in place is the same as the flow with no side wall but with a second identical sound hole located equidistant from where the side wall had been.
In the electric language, this is akin to the method of images for the static effect of a conducting plane, except that here the image has the same charge as the original disk. And 
and
f N are the frequencies; A N are the individual hole areas (which are all very nearly equal to A numerical simulation of the flow might give a hint as to the shape of the oscillating disturbance, how it scales with hole size, and how neighboring holes interact.
